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Definitions
Projections

The projection of a vector v =(v,,..,v,) onfo
a set of coordinates S ={i;,...i\} is the vector

V| =vav

S |1I ’ ik

The projection of a set of vectors AcC
the set Al :={v|. vE A}.

Dense and Universal Sets

A vector set Ac{0,1}" is called (n,k)-universal
if the projection of A onto subset S of k

coordinates contains all possible 2K
configurations.

V'S IS =k A|s={0,1}k

Ais called (n,k)-dense if the same holds not
necessarily for all but for subset S

of k indices. K
1S5 |s|=k A|g=1{0,1}




Examples

A

Ais (2,1)-dense Ais (2,1)-dense
and (2,1)-universal but (2,1)-universal

Ais (3,1)-dense Ais (3,2)-dense
and (3,1)-universal but not (3,2)-universal




Dense sets

What can one say about the of dense sets ?

A|A|=2 = A (n,1)-dense

DA (nk)-dense = |A|22k

k=1

@ There are }_ (T) vectors in {0,1}" which

have less than k ones. These are obviously

(n,k)-dense.

Hink) = ¥ (%)

=0

(Perles and Shelah 1972 / Sauer 1972 /
Theorem 1: Vapnik and Chervonenkis 1971)

Ac{0,11"and |A|>H(nk) = A (nk)-dense

Induction on n:

Base cases:
|A| >H(n,1) =1 means A contains at least two
different vectors and hence is (n,1)-dense.
|A| > H(n,n) =2"-1 means A is the entire n-
cube and hence is (n,n)-dense.




n-1 = n:

Let B be the projection of A onto the
first n-1 coordinates, and C the set of
all vectors u in {0,1}""! for which both
vectors (u,0) and (u,1) belong to A.

|A = B +|C|
If |B| > H(n-1,k) then B is (n-1,k)-dense

by induction hypothesis, and hence the
whole set A is also (n,k)-dense.

@ If |B|<H(n-1,k) then
C[=1Al-[B|

= H(n-1,k-1)

So C is (n-1,k-1)-dense by induction hypothesis.
Because Cx{0,1} lies in A, the whole set A is
also (n,k)-dense. l




Universal sets

Isolated neighbor condition

Property of (bipartite) graphs which is
equivalent to the universality property of
0-1 vectors.

A vector set Ac{0,1}" is called (n,k)-universal
if the projection of A onto subset of k
coordinates S contains all possible 25

configurations. A|s={°'1}k V'S |s|=k

Bipartite graphs
Given a bipartite graph with parts of size n:
G=(V,,V,,E) with |V,|=|V,|=n

we say:

A node x€V, is a common neighbor
for a set of nodes ACV, if x is jointed
to node of A.

A node x €V, is a common non-neighbor
for a set of nodes BCV, if x is jointed
to no node of B.




A, BeEV,

v(A,B) := # nodes in V, that are
common neighbors of
and common non-neighbors of B
at the same time.

2

V
O
vl

(Gal 1998)
A bipartite graph G =(V,,V,,E) satisfies the
isolated neighbor condition for k if
v(A,B)>0
for any two disjoint subsets A,B S V, such
that |A| + [B] =k.

Proposition 2:

Let G be a bipartite Graph with parts of size n
and C be the set of columns of its adjacency
matrix. then:

G satisfies the isolated neighbor condition for k

< C is (nk)-universal.




SOl of Proposition 2:
Let M=(m,,) be the adjacency matrix of G.

i 1 (xy)€E
mx,y_ { 0 otherwise

nodes of V,

Let S={i;,...i,} be a subset of k rows of M.

Let v= (vi1,...,vik) be an arbitrary vector in {O,1}k.

Is there a column y of M with y|.=v?

Split our S into two subsets A and B
JEA iff vj=1, jEB iff vj=0

Al +B] =5 =k




Construction of small universal sets

Paley graphs

A bipartite Paley graph is a bipartite graph
G, =(V;,VE) with parts V,=V,= F,.

iFF

Where p is a prime number.

Theorem 3: (Bollobas and Thomason 1981)

Let G,=(V,,V,E) be a bipartite Paley graph
with p=9, and A, B disjoint sets of nodes in
V, such that |A|+|B|=k. then

v(A,B) —27%p| < ky/p

in particular, v(AB)>0 as long as k2 < ./p
&t kop < 2 "p




Quadratic residue character:
1

& A(x) = { 0

o

Theorem (Weil 1948):

Let f(x) be a polynomial over F, which is

not the square of another polynomial and
has precisely s distinct zeros. then:

> x(f@)| < (s—1)vp

xTe [F'p

Tl of Theorem 3:

Remember that (x,y) is an edge in G, < ¥

(X_y) —H

We say x' €V, is the copy of x€V, if both these
nodes correspond to the same element in F,

No x is joined fo its copy X'

We define

U=V,-(AuB’) where A',B’ € V, are the
copies of A,B €V,




gix) = ] 0 +x(z-a)]] (- x@=0)

agA bEB for nodes x€ V,

For each node x€ U, g(x) is non-zero iff x is joined
to every node in A and to no node in B, in which case

28 \ k
it is precisely 2". So
P 4 S g(z) = 25 v* (4, B)
el

where v*(AB) is the number of nodes which
are joined to every node of A and to no node of B.

ceA

g(x) = H @ £xz=-0)

ce AUB ceB

1+ Y (=1)lenBly (fcﬁ))

CCAUB =
where @@ = || (z ¢
ere c@ r]!

2> (9=) - 1) = | 2 DD x (fo(a)

TEM

Z (—1)|r_'.‘mH| Z x(fc(-’lﬁ}) < Z Z ,\'(fc'(l-'l)
i

C zEeF, xeFy,

zef, C
[

(Weil's theorem)

Because for every xe AuB’, g(x) <2¥1, or

we have

> glz)-p

well




By dividing both sides by 2X and using ( Z g(z) = 2F v*(4A, B)

xcl
we get:

and because |v(A.B) — v*(A,B)| < |[A'UB'|=k

Theorem 3 together with Proposition 2 gives us,
for every prime n>9
and for every k such that k2K<vn,
an explicit construction of (n,k)-universal sets of
Ssize n.

Using linear codes it is possible to construct
such sets of size nK for arbitrary k.




Full graphs

A graph containing of order n is called k-full iff
it contains every k-vertex graph as a subgraph.

How many vertices a graph must have to be k-full ?

If G is a k-full graph of order then (2) is at least
the number of non-isomorphic subgraphs of order k.

k(k—1)

(?}) 4 212 S nn—1)..(n—k+1) > 27 2

’l'.:

Construction of small k-full graphs

Let P, be the graph of whose
vertices are the subsets of {1,..k}, and where
two vertices are joined iff |AnB| is even.
Exception: A is joined to {} iff |A| is even.

(Bollobas and Thomason 1981)

The graph Py is k-full.




T idl of Theorem 4:

Let G be an arbitrary graph with vertex set
{viVyreeu V) . We claim there are sets AjA,,... A

uniquely determined by G such that

|AinAj| is even iff v; and v; are joined in G
A € {1,..,0)

Set A, :={}

Suppose we dlready have choosen A;A,,.. A ;.
We search for an A; which is properly joined to
all the sets A A,,...A.;, that is, |A;n A must be

even iff v; is joined to v; in G.

We will obtain A, as the last set in the
sequence B, CB,C..CB ,=A. with,
for each 1<j<i, B} is a set properly joined to

all sets Ay Ay..A .

Blaa={i}

For j=1:

If v; is joined to v; set Bj := B} or B} := B U{j}
depending on [B| ;N A|.

If v; is not joined fo v; we act dually.

Our choice of whether j is in B‘j does effect
[B;N A (since j € A),
but none of |B‘j N A.| k<j (since A, < {1,...k})




The End




