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The Netflix challenge:
17‘000 Movies
500‘000 Customers
100‘000‘000 Ratings
       (Observed Entries !  1%)

= 1 <{ „ Angelina Jolie
            plays in movie j“

= 1 <{ „Customer i is male“

for recommender systems



in machine learning
Matrix Factorizations

Applications:

• Customer i     <—     Product j

          (Amazon, Netflix, etc...)

• Customer i     "      Customer j

• Word i     <—     Document j

          (Search engines, Latent Semantic Analysis)

• many other applications
(e.g. feature generation, dimensionality reduction, clustering)
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nRegularization

f (X ) :=
!

ij ∈S

(X ! Y )ij
2

f(X)min
X

Low RankError
(Loss)

Model complexity
(Regularization)

+µ rank(X) „Trade-off“ 
variant

s.t.
! krank(X)

Constrained 
variant! k

s.t.

+µ

Low Norm

||X ||∗

||X ||∗

Nuclear norm 
regularized problems

||X ||!

||X ||!



||U ||2Fro + ||V ||2Fro ≤ t||X||∗ ≤ t
Nuclear
norm
case:

Existing Methods
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Local minima

f( ) convex

f(X)min
X

s.t. constraint(X )

Optimization problem: Existing ML methods solve:

s.t.

min
U,V

f (UVT )

constraint(U, V)

UV T =: X



T r (Z ) = t||X||∗ ≤ t
Nuclear
norm
case:

Convex optimization 
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Our method solves:

s.t. constraint(Z)

min
Z ∈Symn +m

Z �0

f (Z )
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No local minima

f( ) convex

s.t. constraint(X )

Optimization problem:

f(X)min
X
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The Problem

x ! Rn

1T x = 1

x ! 0

min f(x)

Sparse Approximation
f( ) convex, differentiable

min f (Z)

Z � 0
Tr(Z) = 1

Z ! Symn ! n



The Problem
x ! Rn

1T x = 1

x ! 0

min f(x)

The Algorithm

x(k ) eix(k+1) := (1 ! ! ) + !

! = 1 /k

Rank = kSparsity = k

„Coordinate descent“

:= arg max ! " f ( ) i
i

x(k )i

x(k )

:= arg max vT (!" f ( )) v
||v|| = 1

v

,largest‘ eigenvector

Z(k)

=

�î
�ï k
�ð

v(1) v(k)

v(1)

v(k)

Z(k)

min f (Z)

Z � 0
Tr(Z) = 1

Z ! Symn ! n

[ Clarkson SODA '08 ]

vvT:= (1 ! ! ) + !Z(k)Z (k+1)

[ Hazan LATIN '08 ]

No projection steps!

http://portal.acm.org/citation.cfm?id=1347082.1347183&coll=GUIDE&dl=GUIDE&CFID=54983861&CFTOKEN=92505933
http://portal.acm.org/citation.cfm?id=1347082.1347183&coll=GUIDE&dl=GUIDE&CFID=54983861&CFTOKEN=92505933
http://dx.doi.org/10.1007/978-3-540-78773-0_27
http://dx.doi.org/10.1007/978-3-540-78773-0_27


||v|| = 1
v

Instead of

M := !" f ( ):= arg max vT Mv Z(k)

The Algorithm

The Convergence

After                 steps the 
primal-dual error is          .

O
�

1
!

�

! �
After                 steps the 
primal-dual error is          .
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Approximate eigenvector computation

it is enough to work with

: vT Mv ≥ ! max − "2v ||v|| = 1

Such a      can be found by doing                 Lanzcos steps.  Alternative: Power methodO
�

1
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�
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x(k ) eix(k+1) := (1 ! ! ) + !

:= arg max ! " f ( ) i
i

x(k )i

vvT:= (1 ! ! ) + !Z(k)Z (k+1)

:= arg max vT (!" f ( )) v
||v|| = 1

v Z(k)
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(Z ! Y )ij
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We need the largest eigenvector 
of M := !" f ( )Z(k)

0

0
M =

mn
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Low Norm Matrix Factorization

v :=
Mv

||Mv||

Power method:

computations correspond to
Simon Funk‘s method



Convergence 
guarantee

Step complexity Convex
Control 
on the 
rank

MMMF, 
Alternating 

gradient descent

Singular Value 
Thresholding 

Methods

Our Method

* Simon Funk‘s / 
SVD++

! ! #

compute exact,
full SVD # !

compute approx. 
eigenvector # #

! matrix-vector 
multiplication ! #

O(1/! )

O(1/
√
ε)

k(n+m)

Comparison

* different optimization problem



• > 5x faster than existing Singular Value Thresholding methods such as
[ Toh & Yun `09,  Mazumder et al `09,  Ji & Ye ICML `09,  ... ]

• Scales well to larger size problems such as the Netflix data

• Prediction performance is
- comparable to the best non-linear 
MMMF methods such as [ Lawrence & 
Urtasun ICML `09 ]
- slightly worse than the customly 
engineered methods for Netflix.

Experiments

A Simple Algorithm for Nuclear Norm Regularized Problems

Movielens. Table 1 reports the running times of our
algorithm on the three MovieLens datasets. Our al-
gorithm gives an about 5.6 fold speed increase over
(Toh & Yun , 2009), which is a very similar method
to (Ji & Ye , 2009). (Toh & Yun , 2009) already im-
proves the Òsingular value thresholdingÓ methods (Cai
et al., 2008) and (Ma et al., 2009). For MMMF, ( Ren-
nie & Srebro, 2005) report an optimization time of
about 5 hours on the1M dataset, but use the di! erent
smoothed hinge loss function so that the results can-
not be directly compared. (Ma et al., 2009), (Srebro
& Jaakkola, 2003) and (Ji & Ye , 2009) only obtained
results on much smaller datasets.

Table 1. Running times tour (in seconds) of our algorithm

on the three MovieLensdatasets compared to the reported

timings tTY of (Toh & Yun, 2009). The ratings {1, . . . , 5}
were used as-is and not normalized to any user and/or

movie means. In accordance with (Toh & Yun, 2009), 50%

of the ratings were used for training, the others were used

as the test set. Here NMAE is the mean absolute error,

times
1

5−1 , over the total set of ratings. k is the num-

ber of iterations of our algorithm, #mm is the total num-

ber of sparse matrix-vector multiplications performed, and

tr is the used trace parameter t in (2). They used Mat-
lab/PROPACK on an Intel Xeon 3.20 GHz processor.

NMAE tTY tour k #mm tr
100k 0.205 7.39 0.156 15 33 9975

1M 0.176 24.5 1.376 35 147 36060

10M 0.164 202 36.10 65 468 281942

In all the following experiments we have pre-
normalized all training ratings to the simple average
µ i + µ j

2 of the user and movie mean values, for the sake
of being consistent with comparable literature.

For MovieLens 10M, we used partition r b provided with
the dataset (10 test ratings per user). The regulariza-
tion parameter t was set to 48333. We obtained a
RMSEtest of 0.8617 after k = 400 steps, in a total
running time of 52 minutes (16291 matrix multiplica-
tions). Our best RMSEtest value was 0.8573, compared
to 0.8543 obtained by (Lawrence & Urtasun, 2009) us-
ing their non-linear improvement of MMMF.

Algorithm Variants. Comparing the proposed al-
gorithm variants from Section 4.3, Figure 2 demon-
strates moderate improvements compared to our orig-
inal Algorithm 2.

Netßix. Table 2 shows an about 13 fold speed in-
crease of our method over the ÒHard ImputeÓ singu-
lar value thresholding algorithm of (Mazumder et al.,
2009) on the Netflix dataset, where they usedMat-

lab/PROPACK on an Intel Xeon 3 GHz processor.

0.63

0.708

0.785

0.863

0.94

0 100 200 300 400
k

RMSE

MovieLens 10M rb

1/k, test

best on line segm., test

gradient interp., test

1/k, train

best on line segm., train

gradient interp., train

Figure 2. Improvements for the two algorithm variants de-

scribed in Section 4.3, when running on MovieLens 10M.

Table 2. Running times tour (in hours) of our algorithm on

the Netßix dataset compared to the reported timings tM of

(Mazumder et al., 2009).

RMSEtest tM tour k #mm tr
0.986 3.3 0.144 20 50 99592

0.977 5.8 0.306 30 109 ”

0.965 6.6 0.504 40 185 ”

Note that the primary goal of this experimental sec-
tion is not to compete with the prediction quality of
the best engineered recommender systems (which are
usually ensemble methods). We just demonstrate that
our method solves nuclear norm regularized problems
of the form (2) on large sample datasets, obtaining
strong performance improvements.

6. Conclusion

We have introduced a new method to solve arbitrary
convex problems with a nuclear norm regularization,
which is simple to implement and parallelize and scales
very well. The method is parameter-free and comes
with a convergence guarantee. This is, to our knowl-
edge, the Þrst guaranteed convergence speed result for
the class of Simon-Funk-type algorithms.

Further interesting questions include whether a simi-
lar algorithm could be used if a strict low-rank con-
straint as in (4), (5) is simultaneously applied. This
corresponds to Þxing the sparsity of a solution in the
coreset setting. Also, it remains to investigate if our
algorithm can be applied to other matrix factorization
problems such as (potentially only partially observed)
kernel matrices as e.g. PSVM (Chang et al., 2007),
PCA or [p]LSA, because our method could exploit the
even simpler form of∇f for symmetric matrices.

Sensitivity on 
the regular-
ization 
parameter:

A Simple Algorithm for Nuclear Norm Regularized Problems

∇f (Z (k ) ) in each power iteration, we multiply with
1
2

�
∇f (Z (k ) ) + ∇f

�
Z (k) + 1

k vk vT
k

��
, i.e. the average

of the old and the new gradient. This means we imme-
diately take into account the e! ect of the new feature
vector vk . This heuristic (which unfortunately does
have our theoretical guarantee anymore) is inspired
by stochastic gradient descent as in Simon FunkÕs
method, which we describe in the following:

4.4. Relation to Simon Funk’s SVD Method

Interestingly, our proposed framework can also be seen
as a theoretically justiÞed variant of Simon FunkÕs
(Webb, 2006) and related approximate SVD meth-
ods, which were used as a building block by most
of the teams participating in the Netßix competition
(including the winner team). Those methods have
been further investigated by (Paterek, 2007; Tak«acs
et al., 2009) and also (Kurucz et al., 2007), which al-
ready proposed a heuristic using the HITS formula-
tion. These approaches are algorithmically extremely
similar to our method, although they are aimed at a
slightly di ! erent optimization problem, and do not di-
rectly guarantee bounded nuclear norm. Very recently,
(Salakhutdinov & Srebro, 2010) observed that FunkÕs
algorithm can be seen as stochastic gradient descent to
optimize (1) when the regularization term is replaced
by a weighted variant of the nuclear norm.

Simon FunkÕs method considers the standard squared
loss function f (X ) = 1

2

�
ij ∈S(X ij − yij )2, and Þnds

the new rank-1 estimate (or feature) v by iterating
v := v + ! (−∇ öf (Z )v − Kv ), or equivalently

v := !
�
−∇ öf (Z ) +

�
1
!
− K

�
I

�
v , (9)

a Þxed number of times. Here! is a small Þxed con-
stant called the learning rate. Additionally a decay
rate K > 0 is used for regularization, i.e. to penal-
ize the magnitude of the resulting featurev. Clearly
this matrix multiplication formulation ( 9) is equiva-
lent to a step of the power method applied within
our framework2, and for small enough learning rates!
the resulting feature vector will converge to the largest
eigenvector of−∇ öf (Z ).

However in FunkÕs method, the magnitude of each new
feature strongly depends on the starting vectorv0, the
number of iterations, the learning rate ! as well as

2Another difference of our method to Simon Funk’s lies
in the stochastic gradient descent type of the later, i.e.
“immediate feedback”: During each matrix multiplication,
it already takes the modified current feature v into account
when calculating the loss f̂(Z), whereas our Algorithm 1
alters Z only after the eigenvector computation is finished.

the decay K , making the convergence very sensitive
to these parameters. This might be one of the rea-
sons that so far no results on the convergence speed
could be obtained. Our method is free of these pa-
rameters, the k-th new feature vector is always a unit
vector scaled by 1√

k
. Also, we keep the Frobenius norm

||U||2F ro + ||V ||2F ro of the obtained factorization exactly
Þxed during the algorithm, whereas in FunkÕs method
Ñ which has a di ! erent optimization objective Ñ this
norm strictly increases with every newly added feature.

Our described framework therefore gives a solid the-
oretical foundation for a modiÞed variant of the ex-
perimentally successful method (Webb, 2006) and its
related variants such as (Kurucz et al., 2007; Paterek,
2007; Tak«acs et al., 2009), with proved approximation
quality and running time.

5. Experimental Results

We run our algorithm for the following standard
datasets3 for matrix completion problems, using the
squared error function.

dataset #ratings n m
MovieLens 100k 105 943 1682
MovieLens 1M 106 6040 3706
MovieLens 10M 107 69878 10677
Netßix 108 480189 17770

Any eigenvector method can be used as a black-box
in our algorithm. To keep the experiments simple, we
used the power method4, and performed 0.2 · k power
iterations in step k. If not stated otherwise, the only
optimization we used is the heuristic averaging the old
and new gradient as explained in Section4.3. All re-
sults were obtained by our (single-thread) implemen-
tation in Java 6on a 2.4 GHzIntel C2D laptop.

Sensitivity. The generalization performance of our
method is relatively stable under di! erent choices of
the regularization parameter, see Figure1:

0.89

0.91

0.93

0.95

0 15000 30000 45000 60000
Trace regularization t

RMSE test
k=1000

Figure 1. Sensitivity of the method on the choice of the
regularization parameter t in (2), on MovieLens 1M.

3See www.grouplens.org and archive.ics.uci.edu/ml.
4We used the power method starting with the uniform

unit vector. 1
2 of the approximate eigenvalue corresponding

to the previously obtained feature vk−1 was added to the
matrix diagonal to ensure good convergence.



Conclusions

• Overall computational cost is about the same as a single SVD

• First algorithm for nuclear norm optimization which does not 
need SVD as an internal computation

• First “Simon-Funk-type” algorithm with a convergence guarantee

• Easy to implement and to parallelize,
any approx. eigenvector method of choice can be used internally



Thanks


