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The Linearized Problem

min f(x) + (s — z, Vf(z))

s'eD

Algorithm 1 Frank-Wolfe

for k=0...K do
Compute s := arg min (s, Vf(a:(k))>

sisesersd s’'eD
Update ¥t .= (1 — y)x*) + ~s

end for

D ¢ R
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Some Examples of Atomic Domains Suitable for: Frank=VVolfe

X Optimization Domain Complexity of one Frank-Wolfe Iteration
Atoms A D = conv(.A) SUPgep (S, Y) Complexity

Sparse Vectors |.]|{-ball |yl O(n)
Sign-Vectors |.]| o -ball H O(n)
¢,-Sphere . H ~ball

Latent Group Sparse Vec. -] -bal

Matrix Trace Norm |.]],,-ball il = al(y) (Nf/f) (Lanczos)
Matrix Operator Norm | Ho—ball HyHtr = H(az( IR SVD

Schatten Matrix Norins [[(7,( )], bal

Matrix Max-Norm H.Hmax—ball O Nf (n 4+ m)!->/e?

Permutation Matrices _ Birkhoff polytope
Rotation Matrices SVD (Procrustes prob.)

SgnXxn Rank—l PSD matrices {x>0, Tr(x)=1} )\max(y> (Nf/\/g) (Lanczos)

Gl aits tsdce

nxn PSD matrices Teb= =/
S of bounded diagonal {x=0, @ <1} O Nf n /6

| -~'?“’8>~mewm~~mwfrff LRI

|.2013

Dudik et al. 2011, Tewarietal. 2011, J.2011
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Algorithm 2: Uniform Coordinate Descent
Let ¥ € D
for k=0... K do
Pick i €y.q.r. 1]

Compute S(Z) = min <S(’i)7 V(Z)f(m(k))>
S(4) eD()

(4) (4) (4)

end

| W

. 2
+3 s — 2|
Update x Fp e ORR (s(i) = az(l.c))

Algorithm 3: Block-Coordinate “Frank-Wolfe”

Let (0 ¢ D
for k=0... K do
Pick © €y.q.r. (1]

Compute S(;) = arg min <8(7,), v(7,)f( )>
S(4 )ED( 7)

Let v := 1 +2 , or optimize v by line-search

Update acg )+ Jiess wgf)) +v(s0) — mgf)))

end

,_rrmf F 0%0%0%0%0°0%0 %00 %0

4 'n-".,(,,-en-,,’”3’EJ R Hidden constant:
* Algorithm obtains Curvature
Nesterov (2012) B Ay R diam® (D)

Richtarik, Takac (2012)
""Huge-Scale” Coordinate Descent

2n

k+2n ) s .
Sfrer k steps. (also in duality gap,

and with inexact
subproblems)


http://dx.doi.org/10.1137/100802001
http://dx.doi.org/10.1137/100802001
http://arxiv.org/abs/1107.2848
http://arxiv.org/abs/1107.2848

Applications: Large Margin Prediction

e Binary SupportVector:Machine

(no bias)

* also: Ranking'SVM

(w, ol yi) > 1§

primal problem:
A

min = ||Jw]||*
w 2

+% imax {O, 1 — (w, p(x;) y@>}



Binary SVM

primal

, \ 2
5 [|W
o]

_1_% zn:max {O, 1 — <’UJ> d(T;) yi >}

=1 i-th column of A
P et e e e e 0 0 0 %0 5 0 2% %0 4 e s s ¢ 2 s 0" egeseleelelece el elela .
o d-dim e n-dim
® unconstrained ® box-constrained

* - non-smooth; strongly convex * smooth, not strongly convex



Structural SYM

~joint” feature map: @ A X Vi R4

large margin::;separation’

(w, oz, yi) — dlaisy)) = Dly,y:) =& Yy

primal problem:

= (Ll J7) :
o4y . i el

sees . ¢( ,0) _|-% nggg){{lj(yz,y) > <’w, (i, yi) — d(xi, y) >}

L)

(i,y)-th column of A

WD g 3



Structural SYM

~joint” feature map: @ A X Vi R4

large margin::;separation’

(w, oz, yi) — dlaisy)) = Dly,y:) =& Yy

) ¢(w27 yz) . ¢(w’&7 y) >}

(i,y)-th column of A

donaudampfschifffahrtsgesellschaftskapitin | )| = 2642 decoding oracle



Binary SVM

primal dual

. oY D,
min = el
min 3 [l

: MM 2
min - f(a) = 5 [[Ae|” - bl

st. 0< ;<1 Vié€|[n]

e En: max {0, 1 —(w, ¢(z:)y >}

=1

i-th column of A
PP LIS MMM I I P I

Structural SVM

primal

{L(yi,y) —(w, ¢(xi,y;) — p(xi, y) )
PP PP PP ML
(4,y)-th column of A




Binary SVM

primal dual
in 2 ||lw|” : D 2 _ 3T
P e |wl| min = 5 [[Aa|” - b«
/2 .
+13 max {071 — (w, ¢(mi)yi>} Sitiei 0 NG E ]
i=1 Myt
t-th column of A
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Related Work

Table 1. Convergence rates given in the number of calls to the oracles for different optimization algorithms for the struc-
tural SVM objective (1) in the case of a Markov random field structure, to reach a specific accuracy € measured for different
types of gaps, in term of the number of training examples n, regularization parameter )\, size of the label space |)|, max-
imum feature norm R := max; 4 ||%i(y)||, (Some minor terms were ignored for succinctness). Table inspired from (Zhang
et al., 2011). Notice that only stochastic subgradient and our proposed algorithm have rates independent of n.

Optimization algorithm Online Primal/Dual Type of guarantee Oracle type # Oracle calls

dual extragradient (Taskar
et al., 20006)

online exponentiated gradient
(Collins et al., 2008)

excessive gap reduction
(Zhang et al., 2011)

BMRM (Teo et al., 2010) no primal >primal error maximization

1-slack SVM-Struct (Joachims
et al., 2009)

stochastic subgradient
(Shalev-Shwartz et al., 2010)
this paper: stochastic block-
coordinate Frank-Wolfe

no primal-“dual” saddle point gap ~ Bregman projection | O (—nR 28 m)

2
yes dual expected dual error expectation O ((”+1°g VDR )

no primal-dual duality gap expectation

no primal-dual duality gap maximization

primal primal error w.h.p. maximization

primal-dual expected duality gap maximization
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dataset n d

Experimental OCR 114 sequence labeling 6251 4028

Results with averaging) CONLLE POS sequence labeling 8936~ 1643026
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