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The Linearized Problem

min f(x) + (s — z, Vf(z))

s'eD

Algorithm 1 Frank-Wolfe

Let (9 € D
for k=0... K do
Compute s := arg min <3’, Vf(:c(k))>

2 s’'eD
k+2
Update £*+1) .= (1 — y)x®) 4+ 45
end for

R viii—=

D ¢ R
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The Linearized Problem

min f(x) + (s — z, Vf(z))

s’ €D

Algorithm 1 Frank-Wolfe

Let (9 € D
for k=0... K do

-

Compute s := arg min V

Soetet D s’'eD
Update (*+1) .= (1

end for
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Algorithm Variants

Predefined Stepsize Line=Search

Algorithm 1 Frank-Wolfe

for k=0...K do
Compute s := arg min <S', Vf(m(k))>

Algorithm 2 Frank-Wolfe

for k=0... K do
Compute s := arg min <S/, Vf<33(k)>>

s’'eD s'eD
Optimize v by line-search
Update £*+D .= (1 — 7)z*) 4 s

end for

et iass= %JFQ

Update (F+1) .= (1 — v)z(®) + ~s
end for

e e ot oo o
707007 0°%6%0%0%0%0%¢%0%6%¢%6%0 ¢ ¢ ¢

2 Pe e evec e e’es ote ot

Eully:Corrective

Algorithm 3 Frank-Wolfe

for k=0...K do

Compute s := arg min <S', Vf(w(k)»
s'eD

® APPI‘OXimate Update gktl) .= arg min f(x)

xcconv(s(0) ... s(k+1))
Subproblems _end for .
[ Dunnetal. 1978 |

o Away-Steps
[ Guélat et al. 1986 ]
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http://dx.doi.org/10.1016/0022-247X(78)90137-3
http://dx.doi.org/10.1007/BF01589445
http://dx.doi.org/10.1007/BF01589445

What’s hew!?

Primal-Dual Analysis

with certificates for approximation quality

Approximate Subproblems

and inexact gradients (and domains)

Affine lnvariance

Lower:Bound

and optimality in terms of sparsity

More Applications

[]. 201 [ PhD Thesis,
summary:J. 2013 ICML Paper |


http://dx.doi.org/10.3929/ethz-a-007050453
http://dx.doi.org/10.3929/ethz-a-007050453
http://m8j.net/math/revisited-FW.pdf
http://m8j.net/math/revisited-FW.pdf

Convergence Analysis

Primal-Dual
- 1G
ek

Primal Rate
QCf
k+ 2

g(z™)

"9 _ 9 _ J’-Jf.f}J"VJ')J‘}J' W»J“bfﬂl"\}- "2 2o 9 s

Fla@®) - fa) <

efficient certificates
for approximation quality

[ Frank & Wolfe 1956, O (l)
k

Dunn et-al. 1978. 1980 [ Simplex domain: Clarkson 2008 |

Here: For all algorithm variants,
and affine invariant

Curvature constant

G %(f(y) — f(x) — (y

x,scD,
v€[0,1],

: 2
y=z+(s—) . C < diam | (D)°L



http://portal.acm.org/citation.cfm?id=1347082.1347183&coll=GUIDE&dl=GUIDE&CFID=54983861&CFTOKEN=92505933
http://portal.acm.org/citation.cfm?id=1347082.1347183&coll=GUIDE&dl=GUIDE&CFID=54983861&CFTOKEN=92505933
http://dx.doi.org/10.1016/0022-247X(78)90137-3
http://dx.doi.org/10.1016/0022-247X(78)90137-3
http://dx.doi.org/10.1137/0318035
http://dx.doi.org/10.1137/0318035
http://portal.acm.org/citation.cfm?id=1347082.1347183&coll=GUIDE&dl=GUIDE&CFID=54983861&CFTOKEN=92505933
http://portal.acm.org/citation.cfm?id=1347082.1347183&coll=GUIDE&dl=GUIDE&CFID=54983861&CFTOKEN=92505933
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Affine Invariance

Convergence

fa®) — fa*) <

>
/@

Curvature constant
2
Cy:=  sup —(f(y)— fl=)—(y
x,scD, &4
v€[0,1],
y=z+y(s—x)

PR



Lower Bound

)

For an approximation quality of 1/k,
any x must have at least k non-zeros.
(use at least k corners)

Trade-Off: Vs



Optimization over Atomic Sets

win f(z)

convex hull-of things:A

Al

[ Chandrasekaran et al. 2012 |


http://dx.doi.org/10.1007/s10208-012-9135-7
http://dx.doi.org/10.1007/s10208-012-9135-7

Sparse Approximation

min
min f()
1
D := conv ({e; |i € [n]})
—>

“ unit simplex
Corollary:
Obtain O( ) -approximate
solution of sparsity k. e

[ Clarkson 2008 ] 0 ( l)

Trade-Off: k

Approximation quality vs
flx) = |l


http://portal.acm.org/citation.cfm?id=1347082.1347183&coll=GUIDE&dl=GUIDE&CFID=54983861&CFTOKEN=92505933
http://portal.acm.org/citation.cfm?id=1347082.1347183&coll=GUIDE&dl=GUIDE&CFID=54983861&CFTOKEN=92505933

Sparse Approximation

mm
! il < S

D := conv ({::ez- ‘Z - [n]}) : . os

e ¢ -ball
Corollary:
Obtain O( ) -approximate
solution of sparsity k. e

1

Trade-Off: {2 ( k )

Approximation quality vs



Greedy meets Frank-VVolfe

Convex optimization Signal:processing

methods applied to sparse recovery methods

min ||Az — b”2 recover a sparse x from a

r€L : noisy measurement b of Ax
> ;

04 :
selects the same : 7

Frank-VVolfe sompersep . matching pursuit

i := argmax |V f(z);|

equivalent to

fully corrective < > OMP
Frank-VWolfe :




Low Rank Approximation

||)?ﬁin§1 )

D := conv ({uvT

’UERm, ||’U||2:1
trace-norm-ball

Corollary:
Obtain O (%) -approximate

solution of rank k . IS werbouhd:

Trade-Off: {2 ( % )

Approximation quality vs

Projection: FW-step:

Requires full SYD approx. top singular vector [ J. & Sulovsky 2010 ]


http://www.m8j.net/data/List/Files-149/fastRegNuclearNormOptimization.pdf
http://www.m8j.net/data/List/Files-149/fastRegNuclearNormOptimization.pdf

¢,,-norm problems

o

e ép-ball

Projection: FW-step:

unknown? linear time



Examples of Atomic Domains Suitable for Frank-VVolfe

Optimization Domain Complexity of one Frank-Wolfe Iteration
Atoms A D = conv(.A) SUPep (S, Y) Complexity

Sparse Vectors |.]|;-ball | O(n)
Sign-Vectors |.]| .. -ball | O(n)
¢,,-Sphere |.]], -ball | O(n)
T 0

R" Latent Group Sparse Vec. ||.||;-ball ; deg g]

R™>™ | Matrix Trace Norm |.];,.-ball lyll,, = o1(y) O(N¢/ve') (Lanczos)
R™>™ | Matrix Operator Norm I.1l,,-ball lyll,, = l|(ci(y))|l; SVD

R™>™ | Schatten Matrix Norms  ||(0y(.))[| -ball | [[(e:(y))]], SVD

R™*™ | Matrix Max-Norm [-1],,.- P2 O(N¢(n +m)t-> /%o
R™*" | Rotation Matrices SVD (Procrustes prob.)
gnxn | Rank-1 PSD matrices I mte el Amax (Y) O(Nf/\/g) (Lanczos)

Gl afits el

nxn PSD matrices : T o5 =-=ro=5
S of bounded diagonal {x=0, @ <1} O Nf n /8
le: J: S me exarmipl L atomic-domains suitabl 10" :




Factorized Matrix Domains

D := conv ({uvT

'UERm, H’U||2:1

(trace norm)

: T | uwE Alets
D :=conv [ uv" | U

Aleft G RE3eY Aright < R™*T Qconv(.A) (M
|.|l;-sphere ||.||,-sphere | Trace norm |[M||,,. | M|, Lanczos, see Table 1

1 | ||.|l,-sphere ||.||,-sphere | Vector £i-norm |[M|l;  ||M||e O(nm)
.1l ..-sphere ||.||__-sphere




Active Research

Faster Convergence for:Strongly:Convex:f

under additional-assumptions
[ Talk by Dan Garber, Guélat&Marcotte | 986, Beck&Teboulle 2004 ]

Penalized Version min ) + Xzl 4
[ Talk by Zaid Harchaoui |

Non-Smooth'f
[ Talks by Federico Pierucci-and Guanghui Lan:|

: : min f(x)
Block=VVise Version BeD) 5 D)

[ Talk by Simon Lacoste-Julien ] T =(Ta) - T(n))

Find More Applications!


http://dx.doi.org/doi:10.1007/BF01589445
http://dx.doi.org/doi:10.1007/BF01589445
http://www.harchaoui.eu/zaid/publications/hjn_2012_ccg_nipsopt.pdf
http://www.harchaoui.eu/zaid/publications/hjn_2012_ccg_nipsopt.pdf
http://arxiv.org/abs/1207.4747
http://arxiv.org/abs/1207.4747
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