Regularization Paths with Guarantees for Convex Semidefinite
Optimization

Joachim Giesen
Friedrich-Schiller-University Jena

Martin Jaggi
ETH Zurich

Abstract

tions in various areas such as control theory or multiobjective optimization. Our work here is mainly motivated by nuclear norm regularized optimization problems, which have become central to many applications
in machine learning and compressed sensing, as for
example low-rank recovery [Fazel et al., 2001, Candes
and Recht, 2009, Candès and Tao, 2010], robust PCA
[Candes et al., 2011], and matrix completion [Srebro
et al., 2004, Rennie and Srebro, 2005, Webb, 2006, Lin,
2007, Koren et al., 2009, Takács et al., 2009, Salakhutdinov and Srebro, 2010], and where the right parameter selection is often a non-trivial task

We devise a simple algorithm for computing
an approximate solution path for parameterized semidefinite convex optimization problems that is guaranteed to be ε-close to the
exact solution path. As a consequence, we
can compute the entire regularization path
for many regularized matrix completion and
factorization approaches, as well as nuclear
norm or weighted nuclear norm regularized
convex optimization problems. This also includes robust PCA and variants of sparse
PCA. On the theoretical side, we show that
the approximate solution path has low complexity. This implies that the whole solution
path can be computed efficiently. Our experiments demonstrate the practicality of the approach for large matrix completion problems.
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Formally, our work is motivated by parameterized optimization problems of the form
min f (Z) + λ kZk∗

Z∈Rm×n

(2)

for a convex function f (the loss function), where k.k∗
is the nuclear norm. The equivalent constrained formulation for these problems reads as

Introduction
min

Our goal is to compute the entire solution path, with
a continuously guaranteed approximation quality, for
parameterized convex problems over the convex domain of positive semidefinite matrices with unit trace,
i.e., optimization problems of the form
min

X∈Rn×n

ft (X)

s.t. Tr(X) = 1 ,
X0,

(1)

where ft is a family of convex functions, parameterized
by t ∈ R, that is defined on symmetric matrices n × n
matrices X.
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Z∈Rm×n

f (Z)

s.t. kZk∗ ≤

t
2

(3)

Both problems are parameterized by a real regularization parameter, λ or t, respectively. To relate
the nuclear norm regularized Problems (2) and (3)
to semidefinite optimization, a straightforward transformation (see for example [Fazel et al., 2001, Srebro
et al., 2004, Jaggi and Sulovský, 2010]) comes to help,
which along the way also explains why the nuclear
norm is widely called the trace norm: any problem
of the form of Problem (3) is equivalent to optimizing
 

V Z
ft (X) := fˆ t Z T W
:= f (tZ)

(4)

over positive semidefinite (m + n) × (m + n)-matrices
X with unit trace, where Z ∈ Rm×n is the upper right
part of X and V and W are symmetric (m × m)- and
(n × n)-matrices, respectively. Note that ft is convex
whenever f is convex.
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Contributions. We provide an algorithm for tracking approximate solutions of parameterized semidefinite optimization problems in the form of Problem 1
along the entire parameter path. The algorithm is
very simple but comes with strong guarantees on the
approximation quality as well as on the running time.
The main idea is to compute at a parameter value
an approximate solution that is slightly better than
the required quality, and then to keep this solution
as the parameter changes exactly as long as the required approximation quality can still be guaranteed.
Only when the approximation quality is no longer sufficient, a new solution again with slightly better than
required approximation guarantee is computed. We
prove that, if an approximation guarantee of ε > 0 is
required along the entire path, thenthe number of necessary solution updates is only O 1ε , ignoring problem
specific constants. We also argue that this number of
updates is essentially best possible in the worst case,
and our experiments demonstrate that often, the computation of an entire ε-approximate solution path is
only marginally more expensive than the computation
of a single approximate solution.
Our path tracking algorithm is not tied to a specific
optimizer to solve the optimization problem at fixed
parameter values. Any existing optimizer or heuristic of choice can be used to compute an approximate
solution at fixed parameter values.
As a side-result we also show that weighted nuclear
norm regularized problems can be optimized with a
solid convergence guarantee, by building upon the
rank-1 update method by [Hazan, 2008, Jaggi and
Sulovský, 2010].
Related Work. For kernel methods and many other
machine learning techniques, the resulting optimization problems often turn out to be parameterized convex quadratic programs, and in recent years a plenitude of algorithms and heuristics have been developed
to “track” these solution paths, see for example [Hastie
et al., 2004, Loosli et al., 2007, Rosset and Zhu, 2007].
However, the exact piecewise linear solution path of
parameterized quadratic programs (in particular for
the SVM) is known to be of exponential complexity in
the worst case [Gärtner et al., 2010]. In the work here
by contrast we show that just constantly many intervals of the parameter are sufficient for any fixed desired
continuous approximation quality ε > 0. For a class of
vector optimization problems, such as SVMs, [Giesen
et al., 2010] have introduced this new approach of approximation paths of piecewise constant solutions.
To our best knowledge, no path algorithms are
known so far for the more general case of semidefinite optimization. The solution path for sparse

principal component analysis (PCA) was investigated
by [d’Aspremont et al., 2007a], which however is parameterized over discrete integral values from 1 to n,
where n is the number of variables. For a variant of
low-rank matrix completion, [Mazumder et al., 2010]
suggest to perform a grid search on the regularization
parameter interval, computing a single approximate
solution at each parameter t. However, they provide
no approximation guarantee between the chosen grid
points.
Notation. For matrices A, B ∈ Rn×m , the standard
inner product is defined via the trace as
A • B := T r(AT B),
and the (squared) Frobenius matrix norm is given by
2

kAkF := A • A.
By Sn×n we denote the set of symmetric n × n matrices. We write λmax (A) for the largest eigenvalue of
a matrix A ∈ Sn×n . A is called positive semidefinite
(PSD), written as A  0, iff v T Av ≥ 0 ∀v ∈ Rn . The
(squared) spectral norm of A ∈ Rn×n is defined as
2

kAk2 := λmax (AT A),
and the nuclear norm kAk∗ of A ∈ Rn×m , also known
as the trace norm, is the sum of the singular values
of A, or the `1 -norm of the spectrum. Its well known
relation to matrix factorization is that
kAk∗ = min
UV

T =A

1
2
2
(kU kF + kV kF ),
2

where the number of columns of U and V is not constrained [Fazel et al., 2001, Srebro et al., 2004].

2

The Duality Gap

The following notion of the duality gap is central to
our discussion and path tracking algorithm. The gap
can serve as a practical approximation quality measure for convex optimization problems in the form of
Problem (1). In the following we assume that our convex objective function ft (X) is continuously differentiable1 . We consider the gradient ∇ft (X) with respect
to X, which is a symmetric matrix in Sn×n .
Definition 1. For Problem (1), the duality gap at any
matrix X ∈ Sn×n is defined as
gt (X) = λmax (−∇ft (X)) + X • ∇ft (X)
1

If ft (X) is convex but not differentiable, the concepts
of standard Lagrange duality can still be generalized for
subgradients analogously, so that any element of the subgradient will give an upper bound on the approximation
error.
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An important property of the duality gap is that it
always holds that
∗

ft (X) − ft (X ) ≤ gt (X)
for any feasible X and any optimal solution X ∗ of
Problem (1) at parameter value t. This property,
which follows from standard duality theory, see [Boyd
and Vandenberghe, 2004, Section 5.9], or [Hazan,
2008], makes the duality gap an extremely useful measure of approximation quality and a stopping criterion
for practical optimizers.
n×n

Definition 2. Let ε > 0. A matrix X ∈ S
that is
feasible for Problem (1) at parameter value t is called
an ε-approximation if the duality gap satisfies

3.1

Stability of Approximate Solutions

The following simple lemma is at the core of our discussion of approximation paths. It characterizes how
far we can change the parameter t such that a given
ε
γ -approximate solution X (for γ > 1) at t stays an
ε-approximate solution.
Lemma 4. Let X ∈ Sn×n be an γε -approximation to
Problem (1) for some fixed parameter value t, and for
some γ > 1. Then for all parameters t0 ∈ R and
feasible X 0 that satisfy
λmax (−∇ft0 (X 0 )) − λmax (−∇ft (X))
+ X 0 • ∇ft0 (X 0 ) − X • ∇ft (X)



1
≤ ε 1−
γ


,

it holds that X 0 is an ε-approximation to Problem (1)
at the changed parameter value t0 .

gt (X) ≤ ε .
Proof. We have to show that
∗

While the optimum value ft (X ) is usually unknown,
the gap gt (X) readily guarantees a simple upper bound
on the current difference to this optimum value. The
quantity gt is easily computable for any candidate solution X even for very large problems, since it reduces
to a single eigenvalue computation.
The gap gt for Problem (1) can also be interpreted as
the difference of the function value to the minimum
value of the linear approximation to ft at point X,
where the minimum is taken over the feasible region.

3

Approximating Solution Paths

Our goal is to compute ε-approximations for Problem (1) for all parameter values t ∈ [tmin , tmax ] ⊂ R.
Towards this goal we follow the simple idea of computing a slightly better approximation at some starting
point, keeping this solution along the parameter path
as the required approximation quality is guaranteed,
and updating the solution only—again with slightly
better approximation guarantee—when the required
approximation quality can no longer be guaranteed.
Hence, the complexity of our approach is determined
by the number of solution updates. The latter complexity is always lower bounded by the following approximation path complexity.
Definition 3. The ε-approximation path complexity
of a parameterized optimization problem is the minimum number of intervals over all possible partitions
of the parameter range [tmin , tmax ] ⊂ R, such that for
each individual interval, there is a single solution that
is an ε-approximation for that entire interval.

gt0 (X 0 ) = λmax (−∇ft0 (X 0 )) + X 0 • ∇ft0 (X 0 ) ≤ ε.
To do so, we add to the condition (inequality) in the
statement of this lemma the inequality stating that X
is an γε -approximate solution at value t, i.e.,
λmax (−∇ft (X)) + X • ∇ft (X) ≤

ε
,
γ

to obtain the claimed bound on the duality gap at the
new parameter value t0 .
The following alternative (more restrictive) criterion is
simpler to evaluate in a concrete implementation of our
path algorithm, as for example for more complicated
parameterizations of Problem (1).
Lemma 5. Let X ∈ Sn×n be an γε -approximation for
Problem (1) for some fixed parameter value t, and for
some γ > 1. Then for all t0 ∈ R that satisfy


1
(1 + kXkF ) k∇ft0 (X) − ∇ft (X)kF ≤ ε 1 −
,
γ
it holds that X is still an ε-approximation at parameter
value t0 .
Proof. We aim to apply Lemma 4, and therefore try
to upper bound the terms on the left hand side the
inequality stated in Lemma 4 for X 0 = X. We start
by upper bounding the difference in the λmax (.)-values:
Weyl’s perturbation theorem on the eigenvalues of a
perturbed matrix A0 = A + E states that
|λmax (A0 ) − λmax (A)| ≤ kEk2 ,
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see for example [Nakatsukasa, 2010]. Since the matrix
spectral norm always satisfies kEk2 ≤ kEkF , applying
Weyl’s theorem to A0 = −∇ft0 (X) and A = −∇ft (X)
gives
|λmax (−∇ft0 (X)) − λmax (−∇ft (X))|
≤

k∇ft0 (X) − ∇ft (X)kF .

(5)

It remains to upper bound the term
X • (∇ft0 (X) − ∇ft (X)),
which can be done by using the Cauchy-Schwarz inequality
|X • (∇ft0 (X) − ∇ft (X))|
≤

kXkF · k∇ft0 (X) − ∇ft (X)kF .

Hence, the inequality in the assumption of this
lemma implies that the inequality in the statement
of Lemma 4 holds, for X 0 = X, from which we obtain
our claimed approximation guarantee gt0 (X) ≤ ε.
Using this Lemma we can now prove the main theorem
on the solution path complexity.
Theorem 6. Let ft be convex and continuously differentiable in X, and let ∇ft (X) be Lipschitz continuous
in t with Lipschitz constant L, for all feasible X. Then
the ε-approximation path complexity of Problem (1)
over the parameter range [tmin , tmax ] ⊂ R is at most


 
2L · γ tmax − tmin
1
·
=O
.
γ−1
ε
ε
Proof. In order for the condition of Lemma 5 to be
satisfied, we first use that for any X  0, Tr(X) ≤ 1,

Optimality. The path complexity result in Theorem 6 is indeed worst-case optimal, which can be seen
as follows: when ∇ft (X) does effectively change with
t with a rate of LX (here LX is the Lipschitz constant
with respect to t of ∇ft (X)), then the interval length
where gt (X) ≤ ε holds can not be longer than Θ(ε).
3.2

Algorithms for Approximate Solution
Paths

The straightforward analysis from above does not only
give optimal bounds on the path complexity, but
Lemma 4 also immediately suggests a simple algorithm
to compute ε-approximate solution paths, which is depicted in Algorithm 1. Furthermore, the lemma implies that we can efficiently compute the exact largest
possible interval length locally for each pair (X, t) in
practice. In those regions where ft changes only slowly
in t, this fact makes the algorithm much more efficient
than if we would just work with the guaranteed O(ε)
worst-case upper bound on the interval lengths, i.e.,
the step-size automatically adapts to the local complexity of ft .
Algorithm 1 Approximate Solution Path
Input: Convex function ft , tmin , tmax , ε, γ
Output: ε-approximate solution path for
Problem (1)
Set t := tmin .
repeat
Compute an γε -approximation X
at parameter value t.
Compute t0 > t such that
(1 + kXkF ) k∇ft0 (X) −∇ft (X)k
 F
≤ε 1−

0

Update t := t .
until t ≥ tmax

1
γ

.

(1 + kXkF ) k∇ft0 (X) − ∇ft (X)kF
≤
≤

(1 + kXkF ) · L · |t0 − t|
0

2 · L · |t − t|.

Here L is the maximum of the Lipschitz constants with
respect to t of the derivatives ∇ft (X), taken over the
compact feasible domain for X. So if we require the
intervals to be of length


ε
1
|t0 − t| ≤
1−
,
2L
γ
we have that the condition in Lemma 5 is satisfied for
any X  0, Tr(X) ≤ 1.
The claimed bound on the path complexity follows directly by dividing the length
 |tmax − tmin | of the parameter range by

ε
2L

1−

1
γ

.

By Theorem
 6,
 the running time of Algorithm 1 is
in O T γε / ε , where T (ε0 ) is the time to compute
a single ε0 -approximate solution for Problem (1) at a
fixed parameter value t.
Plugging-in Existing Optimizers. For completeness, we discuss some of the many solvers that can be
plugged into our path Algorithm 1 to compute a single approximate solution. In our experiments we used
Hazan’s algorithm [Hazan, 2008, Jaggi and Sulovský,
2010] because it scales well to large inputs, provides
approximate solutions with guarantees, and only requires a single approximate eigenvector computation
in each of its iterations. The algorithm returns a guaranteed
 ε-approximation to problem (1) after at most
O 1ε many iterations, and provides a low-rank matrix
factorization of the resulting estimate X for free, i.e.,
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a solution of rank O 1ε . Other algorithms often employ low-rank heuristics for practical reasons. Since
low-rank constraints do form a non-convex domain,
these methods lose the merits and possible guarantees
for convex optimization methods. With Hazan’s algorithm we can approximate the original convex Problem (3) with guaranteed approximation quality, without any restrictions on the rank.
There are many other popular methods to solve nuclear norm regularized problems. Alternating gradient
descent or stochastic gradient descent (SGD) methods have been used extensively in particular for matrix completion problems, see for example [Rennie and
Srebro, 2005, Webb, 2006, Lin, 2007, Koren et al.,
2009, Takács et al., 2009, Recht and Ré, 2011]. However, these methods optimize a non-convex formulation of (2) and can get stuck in local minima, and
therefore—in contrast to Hazan’s method with our
convex transformation (4)—come in general with no
convergence guarantee. On the other hand, there are
also several known methods of “proximal gradient”
and “singular value thresholding”-type from the optimization community, see for example [Toh and Yun,
2010], which however require a full singular value decomposition in each iteration, in contrast to the simpler steps of Hazan’s algorithm [Jaggi and Sulovský,
2010]. Nevertheless, any of these other methods and
heuristics can still be used as the internal optimizer
in our path-tracking algorithm, as we can always compute the duality gap as a certificate for the quality of
the found approximate solution.

4

Applications

Using our solution path approximation algorithm, we
directly obtain piecewise constant solution paths of
guaranteed approximation quality for any problem of
the form (1), including all nuclear norm regularized
Problems (2) and (3), such as standard matrix completion problems, and robust PCA.
4.1

Matrix Completion

Algorithm 1 applies to matrix completion problems
with any convex differentiable loss function, such as
the smoothed hinge loss or the standard squared loss,
and includes the classical maximum-margin matrix
factorization variants [Srebro et al., 2004].
The regularized matrix completion task is exactly
Problem (3) with the function f given by the loss over
the observed
P entries of the matrix, Ω ⊆ [n] × [m], i.e.
f (Z) = (i,j)∈Ω L(Zij , Yij ), where L(., .) is an arbitrary loss-function that is convex in its Z-argument.
The most widely used variant employs the squared

loss, given by
f (Z) =

1 X
(Zij − Yij )2 .
2

(6)

(i,j)∈Ω

Using the notation (A)Ω for the matrix that coincides
with A on the indices Ω and is zero otherwise, ∇f (Z)
can be written as
∇f (Z) = (Z − Y )Ω .
To apply Algorithm 1 we move from the problem in
formulation (3) to the formulation (4). Still, the symmetric gradient matrix ∇ft (X) ∈ S(m+n)×(m+n) used
by the algorithm is of the simple form
 of ∇f (Z) as
Z
above (recall the notation X = ZVT W
). As this matrix is sparse—it has only |Ω| non-zero entries—storage
and approximate eigenvector computations can be performed much more efficiently than for dense problems.
An equivalent matrix factorization of any approximation X for Problem (1) can always be obtained directly
from the Cholesky decomposition of X, because X is
positive semidefinite.
4.2

Weighted Nuclear Norm

A promising weighted nuclear norm regularization approach for matrix completion has been recently proposed in [Salakhutdinov and Srebro, 2010]. For fixed
weight vectors p ∈ Rm , q ∈ Rn , the weighted nuclear
norm kZknuc(p,q) of Z ∈ Rm×n is defined as
kZknuc(p,q) := kP ZQk∗ ,
√
where P = diag( p) ∈ Rm×m denotes the diagonal
√
matrix whose i-th diagonal entry is pi , and analo√
gously for Q = diag( q). Here p ∈ Rm is the vector
whose entries are the probabilities p(i) > 0 that the
i-th row is observed in the sampling Ω. Analogously,
q ∈ Rn contains the probability q(j) > 0 for each
column j. The opposite weighting has also been suggested in [Weimer et al., 2008].
Any optimization problem with a weighted nuclear
norm regularization
min

Z∈Rm×n

f (Z)

s.t. kZknuc(p,q) ≤

t
2

,

(7)

and arbitrary loss function f can therefore be phrased
equivalently over the domain kP ZQk∗ ≤ t/2, such
that it reads as (if we substitute Z̄ := P ZQ),
min

Z∈Rm×n

s.t.

f (P −1 Z̄Q−1 )
Z̄

∗

≤

t
2

,

Hence, analogously to the original nuclear norm regularization approach, we have reduced the task to our
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standard convex Problem (1) for ft that here is defined
as
 

V Z̄
ˆ
ft (X) = f t
:= f (tP −1 Z̄Q−1 ).
T
Z̄

W

This implies that any algorithm solving Problem (1)
also serves as an algorithm for weighted nuclear norm
regularized problems. In particular, Hazan’s algorithm [Hazan, 2008, Jaggi and Sulovský, 2010] implies a guaranteed approximation quality of ε after
O 1ε many rank-1 updates. So far, to the best of our
knowledge, no approximation guarantees were known
for such optimization problems involving the weighted
nuclear norm.
4.3

5

Experimental Results

The goal of our experiments is to demonstrate that the
entire regularization path for nuclear norm regularized
problems is indeed efficiently computable with our approach for large datasets, and that our described approximation guarantees are practical. Hence, we have
applied a variant of Algorithm 1 for a special case of
Problem (1) to nuclear norm regularized matrix completion tasks on the standard MovieLens data sets2 using the squared loss function, see Equation (6).

Solution Paths for Robust PCA

Principal component analysis (PCA) is still widely
used for the analysis of high-dimensional data and dimensionality reduction although it is quite sensitive
to errors and noise in just a single data point. As
a remedy to this problem [Candes et al., 2011] have
proposed a robust version of PCA, also called principal component pursuit, which is given as the following
optimization problem,
min kZk∗ + λ0 kM − Zk1 .

Z∈Rm×n

(8)

Here k.k1 is the entry-wise `1 -norm, and M is the
given data matrix. This problem is already in the
form of Problem (2), for λ = λ10 . Therefore, we can
approximate its entire solution path in the regularization parameter λ using Algorithm 1, obtain piecewise constant solutions together with a continuous εapproximation guarantee along the entire regularization path.
4.4

in the penalty parameter ρ of this relaxation, which
already is of the form (1).

Solution Paths for Sparse PCA

The idea of sparse PCA is to approximate a given data
matrix A ∈ Sn×n by approximate eigenvectors that are
sparse, see Zhang et al. [2010] for an overview. Many
algorithms have been proposed for sparse PCA, see for
example [Sigg and Buhmann, 2008] and [d’Aspremont
et al., 2007a], the latter algorithm is also considering
a discrete solution path, as the sparsity changes.
The SDP-relaxation of [d’Aspremont et al., 2007b,
Equation 3.2] for sparse PCA of a matrix A is given
by
min
ρ · eT |X|e − Tr(AX)
X∈Sn×n
(9)
s.t. Tr(X) = 1 ,
X0.
Here |X| is element-wise for the matrix X, and e ∈ Rn
is the all-ones vector. Using Algorithm 1, we can directly compute a complete approximate solution path

Table 2: Summary of the MovieLens data sets.
MovieLens 100k
MovieLens 1M
MovieLens 10M

#ratings
105
106
107

m = #users
943
6040
69878

n = #movies
1682
3706
10677

As the internal optimizer within the path solver, we
have used Hazan’s algorithm, as detailed in [Jaggi
and Sulovský, 2010], using the power method for computing approximate eigenvectors. To get an accurate
bound on λmax when computing the duality gap gt (X)
for each candidate solution X, we performed 300 iterations of the power method. In all our experiments we
have used a quality improvement factor of γ = 2.
Each dataset was uniformly split into 50% test ratings,
and 50% training ratings. All the provided ratings
were used “as-is”, without normalization to any kind of
prior3 . The accuracy ε was chosen as the relative error,
with respect to the initial function value ft (X = 0) at
t = 0, i.e., ε = ε0 f0 (0). As f is the squared loss, f0 (0)
equals the Frobenius norm of the observed training
ratings, see Equation (6).
All the results that we present below have been obtained from our (single-thread) implementation in Java
6 on a 2.4 GHz Intel Core i5 laptop with 4 GB RAM
running MacOS X.
Results. We have computed the entire regularization paths for the nuclear norm k.k∗ regularized Problem (3), as well as for regularization by using the
2

See http://www.grouplens.org and Table 2 for a
summary.
3
Users or movies which do appear in the test set but
not in the training set were kept as is, as our model can
cope with this. These ratings are accounted in the test
RMSE, which is slightly worse therefore (our prediction X
will always remain at the worst value, zero, at any such
rating).
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Figure 2: The regularization path for the weighted nuclear norm k.knuc(p,q) .
Table 1: Dependency of the path complexity (#int) on the accuracy ε.
Regularization
Nuclear norm
k.k∗
Weighted
nuclear norm
k.knuc(p,q)

Accuracy
ε/f0 (0)
0.05
0.01
0.002
0.05
0.01
0.002

tmin
1000
1000
1000
2
2
2

MovieLens
tmax #int
60000
23
60000
97
60000
387
50
18
50
73
50
325

100k, γ = 2
∆avg
fttrain
t
max
9438 0.0070
582 0.0054
175 0.0009
3.21 0.0619
1.18 0.0147
0.140 0.0098

test
fopt
0.9912
0.9905
0.9981
0.9607
0.9559
0.9581

weighted nuclear norm k.knuc(p,q) as in the formulation as Problem (7).

6

Figures 1 and 2 show the rooted mean squared error (RMSE) values along a guaranteed (ε0 = 0.05)approximate solution path for the three MovieLens
datasets.

We have presented a simple but efficient algorithm
that allows to track approximate solutions of parameterized semidefinite programs with guarantees along
the entire parameter path. Many well known semidefinite optimization problems such as regularized matrix factorization/completion and nuclear norm regularized problems can be approximated efficiently by
this algorithm. Our experiments show a surprisingly
small path complexity when measured in the number
of intervals of guaranteed ε-accurate constant solutions
for the considered problems, even for large matrices.
Thus, the experiments confirm our theoretical result
that the complexity is independent of the input size.

Table 1 shows that the dependency of the path complexity on the approximation quality is indeed favorably weak. Here #int denotes the number of intervals
of constant solution with guaranteed ε-small duality
gap; ∆avg
is the average length of an interval with
t
constant solution; fttrain
is the RMSE on the training
max
data at the largest parameter value tmax ; and finally
test
fopt
is the best RM SEtest value obtained over the
entire regularization path.

Conclusions

In the future we plan to explore more applications
of parameterized semidefinite optimization in machine
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learning, where our algorithm may also provide more
insight into the dependence of these optimization solutions on the regularization. In particular, it will be
interesting to investigate kernel learning, metric learning and other relaxations of sparse PCA in more detail.
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